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1 Introduction 

Number theorist's nightmare, the prime number 2, frequently causes technical 
problems and requires additional efforts. In Galois cohomology the problems 
with p = 2 are essentially due to the fact that the decomposition groups of the 
real places are 2-groups and so the case of a totally imaginary number field is 
comparatively easier to deal with. 

A classical object of study in number theory is Galois groups with restricted 
ramification. For a number field fc, a set S of primes of k and a prime number 
p, one is interested in the Galois group Gs{p) — G{ks{p)\k) of the maximal 
p-extension kg (p) of k which is unramified outside S. If S is empty, then Gs (p) 
is the Galois group of the so-called p-class field tower of k and, besides the fact 
that it can be infinite (Golod-Safarevic) , not much is known about this group. 
The situation is easier in the case that S contains the set Sp of primes dividing 
p, where the cohomological dimension of Gs{p) is known to be less than or 
equal to two (cf. (8.3.17), (10.4.9)). However, there is an exception: if p = 2 
and k has at least one real place. If, in this exceptional case, S contains all 
real places, then these places become complex in A:s(2) and therefore Gs(2), 
containing involutions, has infinite cohomological dimension. Furthermore, the 
virtual cohomological dimension vcdGs{2) is less than or equal to two in this 
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case, i.e. Gs(2) has an open subgroup U with cdf/ < 2. The case when not all 
real places are in S has been open so far and is the subject of this paper. 

Theorem 1 Let k be a number field and let S be a set of primes of k which 
contains all primes dividing 2. // no real prime is in S, then cd 6*5(2) < 2. // 
S contains real primes, then they become complex in ks(2) and cd 6*5(2) = 00, 
vcdGs(2) < 2. 

IfS IS finite, then H^{Gs{2)) := H'{Gsi2),Z/2Z) is finite for all i and 

X2(Gs(2)) = -r2, 

where X2{Gs{'2)) — X)?=o(~-'^)* '-^™if2 ^'(^5(2)) is the second partial Euler 
characteristic and r2 is the number of complex places of k. 

The key for the proof of theorem |l] is the following theorem |2| in the case 
p = 2 and T = S U Sr, where is the set of real places of k. Theorem || 
is the number theoretical analogue of Riemann's existence theorem and was 
previously known under the assumption that p is odd or that S contains Sr (see 
E, (10.5.1)). 

Theorem 2 Let k be a number field, p a prime number and T Z) S ^ Sp sets 
of primes of k. Then the canonical homomorphism 

* T{k,{p)\k,) ^ G{kT{p)\ks{p)) 

p<£T^S{ks{p)) 

is an isomorphism. Here T{kp{p)\kp) C G{kp{p)\kp) is the inertia group and ^ 
denotes the free pro-p-product. 

Since the cyclotomic Z2-extension koo{2) of k is contained in ks2{2), the 
group Gs2 (2) is infinite, in particular, it is nontrivial. Hence, for S* 13 6*2 and 
S O — 0, the group Gs{2) is of cohomological dimension 1 or 2. The next 
theorem gives a criterion for which case occurs. In condition (3) below, Cl5(fc)(2) 
denotes the 2-torsion part of the S'-ideal class group in the narrow sense of k. 

Theorem 3 Assume that 8^82 and 8 O 8r = 0. Then cd Gs{2) = 1 if and 
only if the following conditions (l)-(3) hold. 

(1) 82 = {Po}, *-e- there exist exactly one prime dividing 2 in k. 

(2) 8 = {po} U {complex places}. 

(3) Cl°5(fc)(2) = 0. 

In this case, Gs{2) is a free pro-2-group of rank r2 + 1 and po does not split 
in fc5u5j,(2). In particular, if k is totally real and Gs{2) is free, then ks{2) = 
koc (2) • 

Let fc be a number field, p a prime number and 8 ^ 8p a set of places of fc. A 
(necessarily infinite) extension K\k is called p-S'-closed if it has no p-extension 
which is unramified outside 8. If p is odd and K is p-iS-closed, then the group 
C\siK{np)){p){j)'^^'^^f^p^\'^^ is trivial for j = 0,-1, where ^^p is the group of 
p-th roots of unity, (p) denotes the p-torsion part and (j) the j-th Tate-twist 
(see |9|, (10.4.7)). The corresponding result for p = 2 is the following 
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Theorem 4 Let k he a number field, S ^ S2 a set of primes of k and K a 
2-S-closed extension of k. Then the following holds. 

(i) Cl5(X(A^4))(2)=0. 

(ii) Cl°(i^)(2) = 0. 

Remarks: 1. The triviality of G\{K){2), and hence also that of Cls{K)(2), 
follows easily from the principal ideal theorem; assertions (i) and (ii) do not. 

2. In (i) one can replace K(p4) by any totally imaginary extension of degree 2 
of X in Ksi2). 

Finally, we consider the full extension ks, i.e. the maximal extension of k 
which is unramified outside S, and its Galois group Gs = G{ks\k). 

Theorem 5 Let k be a number field and S a set of primes of k containing all 
primes dividing 2. Then vcd2Gs < 2 and cd2Gs l£ '2 if and only if S contains 
no real primes. For every discrete Gs (2) -module A the inflation maps 

mf : W{Gs{2),A) W{Gs,A){2) 

are isomorphisms for all i > 1 . 

Remark: li cdGs{K){2) = 2 (e.g. if K contains at least two primes dividing 2) 
for some finite subextension i^T of fc in ks, then vcd2G5' = 2. This is always the 
case if S* D because the class numbers of the cyclotomic fields Q(/X2") are 
nontrivial for n 3> 0. But, for example, we do not know whether cd2G(Qs2|Q) 
equals 1 or 2. The answer would be '2' if at least one of the real cyclotomic 
fields Q{^J.2")~^, n = 2, 3, . . . , would have a nontrivial class number. But this is 
unknown. 

In section |^ we investigate the relation between the cohomology of the group 
Gs{k) and the modified etale cohomology of the scheme Spec(C'fc_5). A discrete 
Gs(A:)-module A induces a locally constant sheaf on Spec{Ok,s)et,mod, which 
we will denote by the same letter. We show the following theorem which is 
well-known if S contains all real primes (and also for odd p). 

Theorem 6 Let k be a number field and S a finite set of primes of k containing 
all primes dividing 2. Then for every 2-primary discrete Gs{k) -module A the 
natural comparison maps 

H\Gs{k),A) Hl,^^^,iSpeciOk,s),A) 

are isomorphisms for all i > 0. 

For finite A it is not difficult to show that the modified etale cohomology 
groups on the right hand side of the comparison map are finite and that they 
vanish for i > 3 if 5 contains no real primes. Therefore one could deduce 
theorem ^ (with G5(fc)(2) replaced by Gsik)) from theorem ^ However, in 
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order to prove theorem one needs information on the interaction between the 
decomposition groups of the real primes and so theorem |l| and theorem |^ are 
both consequences of theorem ^ 

The main ingredients in the proofs of theorems 1-5 are Poitou-Tate duahty, 
the vahdity of the weak Leopoldt-conjecture for the cyclotomic Zp-extension 
and, most essential, the systematic use of free products of bundles of profinite 
groups over a topological base. The reason that the above theorems had not 
been proven earlier seems to be a psychological one. At least the author always 
thought that one has to prove theorem ^ first, before showing the other asser- 
tions. For example, theorem ^ for p — 2, T — S2 U Sm and 8 = 82 was known 
if ksA2) = fcoo(2) (see §4.2 for the case A: = Q and Satz 1.4 for the 
general case) . But now it is theorem ^ which is used in the proof of theorem |l]. 
Finally, we should mention that theorem |l| was formulated as a conjecture in O. 
Neumann's article pO| . 

The author wants to thank K. Wingberg for his comments which led to a 
substantial simplification in the proof of theorem 0. 



2 Free products of inertia groups 

In this section we briefly collect some facts on free products of profinite groups 
and how they naturally occur in number theory. For a more detailed presenta- 
tion and for proofs of the facts cited below we refer the reader to [^, chap. IV 
and chap.X, §1. 

A profinite space is a topological space which is compact and totally dis- 
connected. Equivalently, a profinite space is a topological inverse limit of finite 
discrete spaces. A profinite group is a group object in the category of profi- 
nite spaces. It can be shown that a profinite group is the inverse limit of finite 
groups. A full class of finite groups c is a full subcategory of the category of all 
finite groups which is closed under taking subgroups, quotients and extensions. 
A pro-c-group is a profinite group which is the inverse limit of groups in c. 

Let r be a profinite space. A bundle of profinite groups Q over T is a group 
object in the category of profinite spaces over T. We say that Q \s & bundle 
of pro-c-groups if the fibre Qt of Q over every point i g T is a pro-c-group. 
The functor "constant bundle" , which assigns to a pro-c-group G the bundle 
pr2 : G X T T has a left adjoint 

{bundles of pro-c-groups over T} — > {pro-c-groups} 

g ^ ^g. 

T 

The image >1<t^ of a bundle g under this functor is called its free pro-c-product. 
It satisfies a universal property which is determined by the functor adjunction. 
Bundles of pro-c-groups often arise in the following way: 

Let G be a pro-c-group and assume we are given a continuous family of 
closed subgroups of G, i.e. a family of closed subgroups {Gt}teT indexed by 
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the points of a profinite space T which has the property that for every open 
subgroup U (zGihe set T{U) = {i S T | Gt C C/} is open in T. Then 

g = {(.9,t)eGxr|gGGJ 

is in a natural way a bundle of pro-c-groups over T. We have a canonical 
homomorphism 

T 

and we say that G is the free product of the family {Gt]t£T if <j> is an isomor- 
phism. 

The usual free pro-c-product of a discrete family of pro-c-groups as defined 
in various places in the literature (e.g. [^) fits into the picture as follows. For 
a family {Gi}ig/ we consider the disjoint union (UiGi)U{*} of the Gt and 
one external point Equipped with a suitable topology, this is a bundle of 
pro-c-groups over the one-point compactification / = /l:J{*} of / and the free 
pro-c-product of the family {Gi}ig/ coincides with that of the bundle (cf. 
chap. IV, §3, examples 2 and 4). For the free product of a discrete family of pro- 
c-groups we have the following profinite version of Kurosh's subgroup theorem 
(see I or [|, (4.2.1)). 

Theorem 2.1 Let G — ^ Gi be the free pro-c-product of the discrete family 

Gi and let H be an open subgroup of G. Then there exist systems Si of repre- 
sentatives Si of the double coset decomposition G — Us gs HsiGi for all i and 
a free pro-c-group F Q G of finite rank 

rk(i^) = ^[(G : H) - #S,] -{G:H) + 1, 

such that the natural inclusions induce a free product decomposition 

H = ^ (Gf nH)*F, 

where Gl^ {— SiGiS~^) denotes the conjugate subgroup. 



In number theory, continuous families of pro-c-groups occur in the following 
way. For a number field k we denote the one-point compactification of the set 
of all places of k by Sp(A:). The compactifying point will be denoted by rjk and 
should be thought as the generic point of the scheme Spec(C'fc) in the sense of 
algebraic geometry or as the trivial valuation of k from the point of view of 
valuation theory. For an infinite extension K\k, we set 

Sp(X) = hm Sp(/fc'), 

where k' runs through all finite subextensions of k in K. The complement of 
the (closed and open) subset of all archimedean places of K in Sp(/'ir) is natu- 
rally isomorphic to Spec(C'K) endowed with the constructible topology (see 
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chap. I, §7, (7.2.11) for the definition of the constructible topology of a scheme). 
Let 5 be a set of primes of k and S its closure in Sp(fc) {S = S ii S is finite, 
S = S D {rjk} if S is infinite). The pre-image S{K) of S under the natural 
projection Sp{K) Sp(fc) is the closure of the set S{K) of all prolongations of 
primes in 5 to in Sp(i4r). 

Now assume that M D K D k are possibly infinite extensions of k such that 
M\K is Galois and G{M\K) is a pro-c-group. The natural projection S{M) 
S{K) has a section (in fact, there are many of them). For a fixed section 
s : S{K) — > S{M) we consider the family of inertia groups {Tg(^p^{M\K)}p^<^^j^^, 
where by convention T,,,^ = {1}. Since a finite extension of number fields is 
ramified only at finitely many primes, this is a continuous family of subgroups 
of G{M\K) indexed by S{K). We obtain a natural homomorphism 

0: * T,^,){M\K) ^ G{M\K), 

S(K) 

which we also write in the form 

0: * T„(M\K) — >G(M\K). 

The cohomology groups of the free product on the left hand side with coefiicients 
in a trivial module do not depend on the particularly chosen section s. The 
question, however, whether the homomorphism (j) is an isomorphism does depend 
on s. Moreover, if s is a section for which (j) is an isomorphism, we always find 
a section s' for which it is not, at least if c is not the class of p-groups, where 
p is a prime number. In the case of pro-p-groups this pathology does not occur 
because of the following easy and well-known 

Lemma 2.2 Let p be a prime number and let (j) : G' — > G be a (continuous) 
homomorphism of pro-p-groups. Let A be Z/pZ or Qp/Zp with trivial action. 
Then 4> is an isomorphism if and only if the induced homomorphism 

H\(j),A) : H\G,A) — > H\G',A) 

is an isomorphism for i = l and injective for i = 2. 

In the number theoretical situation above, we have the following formula for 
the cohomology of the free product with values in a torsion group A (considered 
as a module with trivial action) and for i > 1: 

H'{ * mM\K),A) =lim W{mM'\k'),A), 

where k' runs through all finite subextcnsions oi k in K and M' is the maximal 
pro-c Galois subextension of M\k' (so M = lim M'). The limit on the right 

hand side depends on K and not on k and we denote it by 

0' W{T,{M\K),A). 
peS{K) 

If K\k is Galois, then this limit is the maximal discrete G(/i'|A;)-submodule of 
the product YlpeS{K)H'm{M\K),A). 
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3 Proof of theorem |2| 



Let us first remark that for p G T \ S{k) the inertia group has the foUowing 
structure: 

- if p is nonarchimedean and N{p) = 1 modp (i.e. if there is a primitive 
p-th root of unity in fcp), then T(kp(p)\kp) is a free pro-p-group of rank 1, 
i.e. isomorphic to Zp. 

- if p is nonarchimedean and N{\)) ^ 1 modp, then T{kp{p)\kp) — {1}. 

- if p is real and p = 2, then T{kp{p)\kp) ^ Z/2Z. 

- if p is real and p 7^ 2 or if p is complex, then T{kp{p)\kp) — {1}. 

If p is odd or if p = 2 and S D S'r, then theoremljis known (see (10.5.1)). 
So we assume that p — 2 and S 'J) S'r. For a pro-2-group G we use the notation 
H'{G) for W{G,Z/2Z). We start with the following 

Lemma 3.1 Let G and G' be pro-2- groups which are generated by involutions 
and assume that ij2(G, Q2/Z2) = = i72(G', Q2/Z2). Let (p : G' ^ G be a 
(continuous) homomorphism. Then the following assertions are equivalent. 

(i) (j) is an isomorphism. 

(ii) H^{(f>) : H^{G) —>■ H^{G') is an isomorphism. 

(iii) H^{<j)) : H^{G) H^{G') is an isomorphism. 



Proof: Clearly, (i) implies (ii) and (iii) and, by lemma 2.2, (ii) and (iii) to- 
gether imply (i). So it remains to show that (ii) and (iii) are equivalent. Since 
-ff^(G,Q2/Z2) = 0, the exact sequence Z/2Z Q2/Z2 ^ (Q2/Z2 ^ 
induces the four term exact sequence 

^ H^{G) A H^{G, Q2/Z2) ^ H\G, ^ H^G) ^ 0. 

Since G is generated by involutions, a is an isomorphism. Hence (3 is zero and 
7 is an isomorphism. The same argument also applies to G' and therefore (ii) 
and (iii) are both equivalent to 

(iv) H^cb,Q2/Z2) ■■ H\G, Q2/Z2) ^ H^G', Q2/Z2) is an isomorphism. 

This concludes the proof. □ 

We show theorem |^ first in the special case T = ^2 U 5k, S — 82. The 
groups *pgsg(fc5^(2))r(fcp(2)|fcp) and G{ks^usA^)\ks2i'^)) are both generated by 
involutions. Since H^{T{kp{2)\kp),Q2/Z2) = for every p G 5'k(/l52 (2))5 
have 

* T(fcp(2)|fcp),Q2/Z2) = 0. 

By ||], (10.4.8), the inflation map 

H^{G{ks,us,,m\ksM},Q2/Z2) H^{G{ks,usJks,{2)),Q2/Z2) 
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is an isomorphism and, since ^53(2) contains the cyclotomic Z2-extension A;oo(2) 
of k, the validity of the weak Leopoldt-conjecture for the cyclotomic Zp-extension 
(see @, (10.3.25)) implies (by §, (10.3.22)) that 

H^iG{ks,usj2)\ks,{2)),Q2/Z2) - 0. 



By lemma 3.1 and the calculation of the cohomology of free products (see §1), 
it therefore suffices to show that the natural map 

i/2(^) :i/2(G(fcs,us«(2)|fc5.(2)) ^ 0' H^{T{k,{2)\k,)) 

p6S'R(fcs2(2)) 

is an isomorphism. Now let if be a finite extension of k inside ^5(2). The 
9-term exact sequence of Poitou-Tate induces the exact sequence 

^ m2(A's,us,,Z/2Z) ^ H\G{ks,usjK),Z/2Z) ^ 

H\GCkp\K,),Z/2Z) ^ H°{G{ks,usjK),fi2r ^ 0, 

where v denotes the Pontryagin dual. Furthermore, we have 

m2(Ks,u5H,Z/2Z) - Ul\Ks,uSu,t^2y ^lll\Ks,uSu,m^y = ClsAK)/2. 

For a finite, nontrivial extension K' of K inside ^53(2) the corresponding ho- 
momorphism H°{G{ks,usjK), (12^ ^ H°{G{ks,usJK'), ^^^V is the dual of 
the norm map, hence trivial. Furthermore, iJ2(G(fcp|(fcs,(2))p),Z/2Z) = for 
p G 5'2(fcs2(2)) (see (7.1.8)(i)). Therefore we obtain the following exact se- 
quence in the limit over all finite subextensions K\k in ^52(2)!^; (the omitted 
coefficients are Z/2Z): 

CU(fc5.(2))/2-.il2(G(fc5,usJfc5.(2))) ^ 0' H^GikM). 

peSR(fes2(2)) 

The principal ideal theorem implies that Cl(fcs2 (2))(2) = 0, and therefore also 
C\s,iks,{2))/^ = 0. Furthermore, G(fcp|fcp) = r(fcp(2)|fcp) for p e SR{ks,i2)) 
and the inflation map 

i/'(G(fcs.us«(2)|fcs.(2))) ^ H'{G{ks,usM2))) 

is an isomorphism (see (10.4.8)). This concludes the proof of theorem || in 
the case T = ^2 U Sm, S = 82- For the proof in the general case we need the 

Proposition 3.2 Let k be a number field, p a prime number and T D S ^ Sp 
sets of primes in k. Let K he a p-Sp-closed extension of k. Then the following 
assertions are equivalent. 

(i) The natural homomorphism 

<Pt.s,-- * T{K^(p)\K^) G{Kt{p)\K) 

■ peT^Sj,(K) 

is an isomorphism. 
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(ii) The natural homomorphisms 



hT.s ■■ * TiK,ip)\K,) ^ GiKTip)\Ksip)) 



and 



0S,S, : * ^ T{K,ip)\K,) ^ G{Ks{p)\K) 
peS\Sp(-ftr) 

are isomorphisms. 
Here ^ denotes the free pro-p-product. 

Proof: If 4'T,Sj, is an isomorphism, then also (t>s, s„ is an isomorphism. Fur- 
thermore, a straightforward apphcation of theorem 2.1 shows that also (/)t,s is 
an isomorphism in this case. Let us show the converse statement. Assume that 
4>T,s and (fis.Sp are isomorphisms. Note that all primes in S' \ Sp{Ks(j))) split 
completely in Kt{p)\Ks{p). Therefore the extension of pro-p- groups 

(1) 1 ^ G{Kt{p)\Ks{p)) -> G{Kt{p)\K) -> G{Ks{p)\K) ^ 1 

splits. By lemma we have to show that the induced honiomorphism 

H\^t,s,):H''{G{Kt{p)\K))^ 0' W{T{K,{p)\K,)) 

pGT-^SpiK) 

is an isomorphism for j = 1 and injective for i — 2 (coefficients Z/pZ). This 
follows easily from the Hochschild-Serre spectral sequence associated to the split 
exact sequence (|l|): 

E',' ^ W{G{Ks{p)\K),H^G{Kt{p)\Ks{p)))) =^ W+^iG{KT{p)\K)). 

First of all, the differentials d2 are zero (— ^2 is the cup-product with the ex- 
tension class, see 0, (2.1.8)). Furthermore, every prime in T \ S{K) splits 
completely in Ks{p)\K because these primes are unramified in Ks{p)\K and K 
contains Koo{p)- Since ^t.s is an isomorphism, the G{K s {p)\K)-mod\ile (j > 1) 

WiGiKripWsip))) = 0' WiT{K,{p)\K,)) 

= lndG^Ksip)\K) 0' H^iT{K,{p)\K,)) 

is cohomologically trivial. Therefore we obtain short exact sequences 

^ H\Ks{p)\K) ^ H\Kt{p)\K) ^ 0' W{T{K,{p)\K,))^0 

p£T^S{K) 

for J = 1, 2, and the result follows from the five-lemma. □ 
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Now we can prove theorem ^ in the general case. It is true for odd p and 
for p ~ 2 in the special cases T = S2 U Sr, 8 = 82 and T ~ {all primes}, 
= 5*2 U Sr. Applying proposition ^ in the situation p = 2,T ~ {all primes}, 
S — 5*2 U S'r and K = ks^i^,), we obtain theorem || in the 'extremal' case 
T = {all primes}, S — 82- Applying proposition |3.2| again, we obtain the case 
T — {all primes} and S arbitrary and then the general case. This concludes the 
proof of theorem ^j. 

A straightforward limit process shows the following variant of theorem ^. 

Theorem 2' Let k he a number field, p a prime number and T D S ^ Sp sets 
of primes of k. Let K be a p-S-closed extension field ofk. Then the canonical 
homomorphism 

* T{K,{p)\K,) ^ G{KTip)\K) 

is an isomorphism. 



4 Proofs of the remaining statements 

In order to prove theorem |l], we may assume that S ^ Stu and we investigate 
the Hochschild-Serre spectral sequence 

El^ ^ W{Gs{2),W{G{ksusAmsm ^ H^+'{Gsusj2)), 

where the omitted coefficient arc Z/2Z = 112. By theorem ^ we have complete 
control over the G5(2)-modules iJ-'(G'(fc5y5g(2)|fc5(2)), which are for j > 1 
isomorphic to 

IndG,(2) H^G{Cm). 

pGSE-^S(fc) 

In particular, E2 = for ij 7^ 0. Therefore the spectral sequence induces an 
exact sequence 

(2) 0^H\Gs{2))^H\GsusA2))^ i/^(G(C|R)) ^ 

p€Su-^S(,k) 

HHGs{2)) H^{GsusA2)) ^ H\G{Cm)^Q 
and exact sequences 

(3) 0^H\Gs{2))^W{GsusA'2))^ ff'(G(C|R)) ^ 0. 

peSH\S(fe) 
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for i > 3. If S' is finite, this shows the finiteness statement on the cohomology 
of Gs(2) and that 

X2(Gs(2)) = X2(Gsus.(2)). 

But X2(Gsus«(2)) = X2(GsusJ = -^2 (see §, (8.6.16) and (10.4.8)). 
For arbitrary S and i > 3 the restriction map 

H^GsusA^))^ ff'(G(C|M)) 

pGSj.(fe) 

is an isomorphism (see (8.6.13)(ii) and (10.4.8)). This together with (||) 
shows that the natural homomorphism 

pesnSsik) 

is an isomorphism for i > 3. Therefore cd Gs{'2) < 2 if 5 n 5k = 0- For later 
use we formulate the last result as a proposition. 

Proposition 4.1 Let k be a number field and S D S2 a set of primes. Then 
the natural homomorphism 

W{Gs{2),Z/2Z) ^ ffXG(C|R),Z/2Z) 
PGSnSR(fc) 

is an isomorphism for i > 3. 

In order to conclude the proof of theorem |l|, it remains to show that every 
real prime in S ramifies in fcs(2). Let S-^ be the subset of nonarchimedean 
primes in S. Then theorem ^ yields an isomorphism 

* r(fcp(2)|fcp) = G(fcs(2)|fcs/(2)) 

pGSB(fcs/(2)) 

which shows the required assertion. This finishes the proof of theorem pi 



Now we prove theorem y. To fix conventions, we recall the following defi- 
nitions. For a set S of primes of k the group 5 of S'-units is defined as the 
subgroup in fc^ of those elements which are units at every finite prime not in 
5* and positive at every real prime not in S. The S'-ideal class group C\'^{k) 
in the narrow sense of k is the quotient of the group of fractional ideals of k 
by the subgroup generated by the nonarchimedean primes in S and the prin- 
cipal ideals (a) with a positive at every real place of k not contained in S. In 
particular, C\%{k) = Cl*'(fc) is the ideal class group in the narrow sense and 
Cl5LJ5jj(fc) — Cls{k) is the usual S'-ideal class group. By class field theory. 
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Cl^{k) is isomorphic to the Galois group of the maximal abelian extension of k 
which is unramified outside S'r and in which every prime in S sphts completely. 
By Kummer theory, we can replace condition (3) of theorem || by the following 
condition 

(3') {x £ \ x e kp^f and 2 | Vp{x) for every finite prime p} = fc^^. 

Lemma 4.2 If S D S2 and cdGs^i^) = 1, then S ^ 82- 

Proof: By theorem ^ we have an isomorphism 

* T{kp{2)\kp) ^ G{ks{2)\ksM) 
pes^S2(fcs2(2)) 

Since for nonarchimedean primes p ^ S2 the maximal unramified 2-extension of 
kp is realized by fcoo(2) C ^52(2), this shows that for p G S \ S2 the maximal 2- 
extension of the local field kp is realized by fcs(2) or, in other words, the natural 
homomorphism 

G(fcp(2)|fcp)^G5(2) 
is injective. But for these primes we have cd G(fcp (2)|fcp) > 2 which shows that 

S\S2 = 0. □ 

Now assume that Gs^i^) is free. For a prime p we denote the local group 
G(fcp(2)|fcp) by Gp and the inertia group T(fcp(2)|fcp) by Tp. By Cebotarev's 
density theorem, we find a finite set of nonarchimedean primes T D S2 such 
that the natural homomorphism 

H\Gs.)^ H\gp/Tp) 
peT^s 



is an isomorphism. It is then an easy exercise using lemma 2.2 to show that the 
natural homomorphism 

J Gp/Tp^GsM 

is an isomorphism. Theorem]^ for T = S 2 U S'r and S — S2 and the same argu- 
ments as in the proof of proposition 3.2 show that the natural homomorphism 

* Gp/Tp * * Sp — G52us«(2) 
peT\S2 peSfi 

is an isomorphism. Then, by (||l^. Theorem 6) or (|^, (10.7.2)), we obtain the 
conditions (l)-(3) and that the unique prime po dividing 2 in fc does not split 
in fesjuSs- on the other hand, conditions (l)-(3) of theorem || are satisfied, 
then we obtain (loc. cit.) the above isomorphism and deduce that Gs2(2) is 
free. The statement on the rank of G52(2) follows from X2{Gs2{2)) ~ — r2. If k 
is totally real, then the homomorphism 

G52(2) ^G(fcoo(2)|fc) 
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is a surjection of free pro-2-groups of rank 1 and hence an isomorphism. This 
concludes the proof of theorem 0. 



Next we show theorem |[ Let 5 be a set of finite primes of k and S = SUSr. 
If S is finite, then the image of the group of S-units of k under the logarithm 
map Log : ^ — > ^^^^M., a (log |a|t,)i,gs is a lattice of rank equal to 
=f^S + ri + r2 — 1 (Dirichlet's unit theorem). Complementary to this map is the 
signature map (which is also defined for infinite S) 

More or less by definition, there exists a five-term exact sequence 

veSuik) 

and so the cokernel of SigUf. g measures the difference between the usual S- 
ideal class group C\s{k) — Cl'^{k) and that in the narrow sense. Of course this 
discussion is void if k is totally imaginary. If K is an infinite extension of fc, we 
define the signature map 

Stgnj,^s-Ol,:^\un RX/RX 
fc' veSR{k') 

as the limit over the signature maps SigUf., g, where k' runs through all finite 
subextension fc'jfc of ifjfc. If if is 2-S'-closed, then Cl5'(iir)(2) = and so state- 
ment (ii) of theorem ^ is equivalent to the statement that Sigrij^ is surjective. 

Now assume that k, S, K are as in theorem ^ By theorem ^ all real places 
in iS* become complex in K. By the principal ideal theorem, C\{K){2) = 2 and so 
statement (i) and (ii) are trivial if K is totally imaginary (note that K ~ KifJ^A) 
in this case). So we may assume that S]fi{K) ^ and, by theorem 0, we may 
suppose n S'r = 0. 

Let K' = K{fi4). Then K' is totally imaginary and G — G{K'\K) is cyclic of 
order 2. Let S = SUS^ and let Kj: be the maximal (not just the pro-2) extension 
of K which is unramified outside S. Inspecting the Hochschild-Serre spectral 
sequence associated to K^\K-s{2)\K and using the well-known calculation of 
HHG{K^\K),0^^ j.) (cf. g, (10.4.8)) we see that 

iJi(G(A's(2)|if),OX^(,)^J = i/i(G(A's|/0,O]^,.s)(2) 
and the same argument shows that 

(5) i?i(G(ifs(2)|if'),0]^,(2),s) - Cl5(if')(2). 
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Next we consider the Hochschild-Scrre spectral sequence for the extension 
K-s(2)\K'\K and the module O^^^^^^ j,. By (|^) and (^), we obtain an exact 
sequence 

-> Cls(i^')(2)^ - H'{G,0^^,^^) i H'{GiK^i2)\K),0^^^,^^^). 

Since G is a 2-group, in order to prove assertion (i), it suffices to show that (j) 
is injective. Let c be a generator of the cyclic group H^{G, Z). For each prime 
p G Sr{K) (respectively for the chosen prolongation of p to Kj:{2), cf. the 
discussion in section 1), the composition Tp{K^{2)\K) G{Ks{2)\K) — > G is 
an isomorphism and we denote the image of c in H'^(Tp{K^{2)\K),Z) by Cp. As 
is well known, the cup-product with c induces an isomorphism H^{G, O^, ^) — > 
H^{G,Oj^, 2) and the similar statement holds for each Cp, p G S]it{K). 

The quotient C']^j,(2) s//^2°° uniquely 2-divisible, and so we obtain a nat- 
ural isomorphism 

H^{G{K^{2)\K),^x,^) ^ ff2(G(i^s(2)|ir),0;^^(2)^J. 

Furthermore, for each p € \ S* we obtain an isomorphism 

HHmK^i2)\K),^,,^) ^ i/2(Tp(i^s(2)|i^),0;^^(2),E) 

- i/2(G(i^p|i^p),i^p^). 

Therefore, the calculation of the cohomology in dimension i > 2 of free products 
with values in torsion modules (see Satz 4.1 or (4.1.4)) and theorem ^ 
for the pair S, S show that we have a natural isomorphism 

ij2(G(ifs(2)|if),0]^^(,)_^)^ 0' H\GiK,\K,)^Kp. 

(Alternatively, we could have obtained this isomorphism from the calculation 
of the cohomology of the E-units, cf. (||^, (8.3.10)(iii)) by passing to the limit 
over all finite subextensions of k in K). We obtain the following commutative 
diagram 

h0(G,O^,5,) ^ 0' HO(G(K,\K,),K^^) 

> Uc I 0'ucp 

peS5(K) 

Hence ker((/)) ~ ker('(/;) and coker{(f>) = coker('(/;). Since H^{G,Of^, ^) = 

^ky,I^K'\k{Ok' s)' each element in ker(?/;) is represented by an 5-unit in 

K and we have to show that all these are norms of E-units in K' . Let e E a- 
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Then K{^/e)\K is a 2-extension which is unramified outside S, hence trivial. 
Therefore e is a square in K and if — e, then / <E and e = Njfi\fc{f). 

This concludes the proof of assertion (i). 

To show assertion (ii), it remains to show that cokei{Signj^ 5) = coker(^) = 
coker(0) is trivial. Using the same spectral sequence as before, in order to see 
that coker(0) = 0, it suffices to show that the spectral terms 

- = i/"(G,i/2(G(i^s(2)|i^'),OK.(2).s)) and 

-i?ii=i7i(G,Cls(X')(2)) 

are trivial. The first assertion is easy, because K' is totally imaginary and con- 
tains fcoo(2) and so H^{G{KY:i2)\K'),0'^^f^^-^ ^) = 0. That the second spectral 
term is trivial follows from (i) . This completes the proof of theorem ^. 

Finally, we prove theorem ^. The statement on cd2Gs and vcd2G5' follows 
by choosing a 2-Sylow subgroup H C Gs and applying theorem Q to all finite 
subextensions of k in (kg)^ . It remains to show the statement on the inflation 
map. It is equivalent to the statement that 

mf ® Z(2) : W{Gs{2),A) <E> Z(2) — . W{Gs,A) ® Z(2) 

is an isomorphism for every discrete Gs(2)-module A and all i > 0, where Z(2) 
denotes the localization of Z at the prime ideal (2). 

Since cohomology commutes with inductive limits, we may assume that A 
is finitely generated (as a Z-module). Using the exact sequences 

— > tor{A) — > A — > .4/tor(A) — > 0, 

— > A/toT{A) — > (A/tor(A)) ® Q — > {A/toT{A)) «) Q/Z — > 

and using the limit argument for (A/tor(j4)) (K)Q/Z again, we are reduced to the 
case that A is finite. Every finite G5(2)-niodule is the direct sum of its 2-part 
and its prime-to- 2-part. The statement is obvious for the prime-to-2-part and 
every finite 2-primary G5'(2)-module has a composition series whose quotients 
are isomorphic to Z/2Z. Therefore we are reduced to showing the statement 
on the inflation map for A = Z/2Z. But it is more convenient to work with 
^ = Q2/Z2 (with trivial action) which is possible by the exact sequence 

— > Z/2Z Q2/Z2 Q2/Z2 0. 

Using the Hochschild-Serre spectral sequence for the extensions ks\ks{2)\k, we 
thus have to show that 

H\Giks\ksi2)),Q2/Z2)^0 
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for z > 1. The case i = 1 is obvfous by the definition of the field fcs(2). 
By theorem 1^, every real prime in S becomes complex in fcs(2) and therefore 
cd2G(fcs|fcs(2)) < 2. It remains to show that H^{G{ks\ksi2)), Q2/Z2) = 0. 
Therefore the next proposition implies the remaining statement of theorem ^. 

Proposition 4.3 Let k be a number field, S ^ S2 a set of primes in k and 
K D koo{2) an extension of K in ks- Then 

H\G{ks\K),Q2/Z2)=0. 

Proof: Let H he a 2-Sylow subgroup in G{ks\K) and L = {ks}^ ■ Then the 
restriction map 

H^{G{ks\K),Q2/I^2) ^ H\G{ks\L), Q2/Z2) 

is injective and so, replacing K by L, we may suppose that ks = Ks(2). Ap- 
plying theorem 2' to the 2-5'-closed field Ks{2), we obtain an isomorphism 

G{Ksus,m\Ks{2)) ^ * T,iK,i2)\K,). 

f>eSu{Ks{2)) 

Hence we have complete control over the Hochschild-Serre spectral sequence as- 
sociated to KsuSt.i'^)\Ks{2)\K. Furthermore, the weak Leopoldt conjecture 
holds for the cyclotomic Z2-extension and K 13 koo{2), which implies that 
H^{G{KsusA'^)\K),Q2/'^2) = 0. The exact sequence (|) of §| applied to all 
finite subextensions k'\k of K\k yields a surjection 

0' H\T{K,{2)\K,),Q2/Z2) H\G{Ks{2)\K),Q2/Z2). 

and therefore, in order to prove the proposition, it suffices to show that the 
group H^{G{Ks{2)\K),Q2/Z2) is 2-divisible. This is trivial if S (1 Sr{K) = 
because then cd G{Ks{2)\K) < 2. Otherwise, this follows from the commutative 
diagram 

H^{G{Ks{2)\K),Q2/Z2)/2 ^ H^{G{Ks{2)\K),Z/2Z) 

I !■ 

0' H^iTiK,i2)\K,),Q2/Z2)/2 ^ 0' H^TiK,i2)\K,),Z/2Z). 



The right hand vertical arrow is an isomorphism by proposition 4.1. But 
H^{T{Kp{2)\Kp),Q2/Z2) = for aU p e 5 n Sr{K) and therefore the object in 
the lower left corner is zero. □ 



5 Relation to etale cohomology 

Let fc be a number field and S a finite set of places of k. We think of Spec(C'fc.5) 
as "{scheme-theoretic points of Spec(C'fc_5)} U {real places of fc not in S*}" . 
Essentially following Zink we introduce the site Spec{Ok,s)et,mod- 
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Objects of the category are pairs U = {U, Ureal), where C/ is a scheme together 
with an etale structural morphism (pu : U ^ Spec(Ofc_s) and Ureal is a subset 
of the set of real valued points [/(R) = Morschemos(Spec(M), U) of U such that 

(j^uiUreal) C S9.{k) \ S. 

Morphisms are scheme morphisms f : U ^ V over Spec(Ofe^s) satisfying 

f {Ureal) C Vreal- 

Coverings are families {tt^ : Ui t^}ie/ such that {tt^ : Ui — > U}i^i is an 
etale covering in the usual sense and Uie/ ''^ii^ireai) = Ureal- 

There exists an obvious morphism of sites 

,moa 

and both sites coincide if S contains all real places of k. The pair X ~ {X, Xreai) 
with X — Spec(OA;^5) and Xreai = SR{k) \ 5* is the terminal object of the 
category and the profinite group Gs{k) is nothing else but the fundamental 
group of X with respect to this site. Let 77 denote the generic point of X. For a 
sheaf A of abelian groups on Spec{Ok,s) et,mod and for any point v oi X we have 
a specialization homomorphisms s^ : Ay ^ Ari from the stalk Ay of A in t; to 
that in 77. For each point v £ Xreai we consider the local cohomology Hl{X, A) 
with support in v. There is a long exact localization sequence (see ]l7| ) 

•••^0 Hl{X,A)^Hl,^^UX,A)^Hl,{X,A)^--- 

and the local cohomology with support in real points is calculated as follows: 

Lemma 5.1 For v G Xreai the following holds. 

H^iX,A) = keiisy : Ay ^ A,,) 

Hl{X,A) = cokei {s y : Ay ^ An) 

Hl{X,A) = W~\ky,Ay) fori>2. 

Here the right hand side of the last isomorphism is the Galois cohomology of the 
field ky . 

Proof See Lemma 2.3. □ 

Remark: Suppose that S contains all primes dividing 2 and no real primes. Let 
A be a locally constant constructible sheaf on Spec(C'fe_s)et which is annihilated 
by a power of 2. We denote the push-forward of A to Spec{Ok,s)et,mod by 
the same letter. By Poitou-Tate duality, the boundary map of the long exact 
localization sequence 

Hl,{X,A)^ H^^\X,A)= H\ky,Ay) 

v^X^^al arch. 

is an isomorphisms for i > 3 and surjective for i = 2. Therefore, we ob- 
tain the vanishing of H^^ ^_^^j{Spec{Ok.s), A) for i > 3. In this situation the 
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modified etale cohomology is connected to the "positive etale cohomology" 
7?|(Spec(C'fc_s), defined in Q in the following way. There exists a nat- 
ural exact sequence 

0^^e"t,w(Spec(Ofc,5),^)^ 

H'\K,A,) ^ H^iSpeciOk,s),A+) ^ i/l,^_,(Spec(0,,s), A) ^ 0. 

V arch. 

and isomorphisms 

77^(Spec(0,,5), A+) Hl+l^,iSpec{Ok^s),A) 

for i > 1. T his can be easily deduced from the long exact localization sequence, 
lemma 5T and the long exact sequence (2.4) of |3|. 

Now let A be a discrete G's(fc)-module. The module A induces locally con- 
stant sheaves on Spec{Ok,s)et,mod and Spec(C'fe^5)ef , which we will denote by 
the same letter. According to lemma we obtain for every v e Xreai 

Hl{X,A)=0 fori ==0,1. 

Let X = (Spec(C'feg,s), S'r(/cs) \ S{ks) be the universal covering of X. The 
Hochschild-Serre spectral sequence 

= WiGsik),Hi,^^^,iX,A)) =^ HllL,,{X,A) 

induces natural comparison homomorphisms 

H\Gs{k),A)^Hl,^^,,{X,A) 

for all i > 0. It follows immediately from the spectral sequence that these 
homomorphisms are isomorphisms if 



Hlt,nUX,A) = 



for all j > 1. 



Next we are going to prove theorem ^ of the introduction. Assume that 
S contains all primes dividing 2 and that A is 2-torsion. Both sides of the 
comparison homomorphism commute with direct limits, and so, in order to 
prove theorem |^, we may suppose that A is finite. Since A is constant on X , 
we can easily reduce to the case A — Z/2Z, in order to show H^^ rnod(^> A) — 
for J > 1. Furthermore, the assertion is trivial for j — I. The theorem is well- 
known if 5 contains all real primes (see [0, prop. 3.3.1 or 0, II, 2.9) and so, 
passing to the limit over all finite subextensions of k in ks, we obtain natural 
isomorphisms for all j > 0. 

H^{GsusAks),Z/2^) ^ Hi,{X \ ^R(fc5),Z/2Z). 
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On the other hand, theorem || for T = S* U S'r, = 5 appHed to all finite 
subextensions of k in ks in conjunction with theorem |^ induces isomorphisms 
for all j > 1. 

if^(Gsus.(fcs),Z/2Z)^ 0' W{k,,Z/2Z). 

These two isomorphisms together with the long exact localization sequence show 
that 

for J > 1. This completes the proof of theorem ^. 

Theorem ^ is best understood in the context of etale homotopy, namely as a 
vanishing statement on the 2-parts of higher homotopy groups. For a scheme 
X we denote by Xgt its etale homotopy type, i.e. a pro-simplicial set. The 
etale homotopy groups of X are by definition the homotopy groups of X^t and, 
as is well known, these pro-groups are pro-finite, whenever the scheme X is 
noetherian, connected and geometrically unibranch Theorem 11.1). If we 
consider the modified etale site Spec{Ok,s)et,mod as above, we obtain in exactly 
the same manner as for the usual etale site a pro-finite simplicial set Xet,mod- 
We denote the universal covering of Xet,mod by Xet,mod- If p is a prime number 
and K is a pro-simplicial set, we denote the pro-p completion of Y. by Y.^^ . 
Furthermore, we write G{p) for the maximal pro-p factor group of a pro-group 
G. 

Lemma 5.2 Assume that Y. is a simply connected (i.e. t^i{Y.) = 0) pro-simpli- 
cial set such that TTi{Y.) is pro-finite for all i > 2. Then we have isomorphisms 
for all i: 

n.,{Y)(p)^n,{Y.'^P)- 
Proof: See |3), prop. 13. □ 

For a pro-group G we denote by K{G, 1) the Eilenberg-MacLane pro-simplicial 
set associated with G (cf. 0|, (2.6)). If S contains all real primes of k the 
following theorem was proved in [ p^ , prop. 14. 

Theorem 5.3 Let k be a number field and S a finite set of primes of k contain- 
ing all primes dividing 2. Let X be the pair {X, Xreai) with X — Spec(C'fe.5) and 
Xreai = S^{k) \ S cndowcd with the modified etale topology. Then the higher 
homotopy groups of Xet,mod have no 2-part, i.e. 

'^iiXet.niod)i'2) =0 fori>2. 

Furthermore, the canonical morphism 

{Xet,mod)''^ K{Gs{k)(2),l) 

is a weak homotopy equivalence. 
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Proof: Since Gs{k) is the fundamental group of Xet.mod, theorem |^ implies 
that the universal covering Xf,t „iod of X^t.mod has no cohomology with values 
in 2-primary coefficient groups. By the Hurewicz theorem (4.5)), the pro-2 
completion of X^t^mod is weakly contractible. Therefore lemma ^.2| implies 

Tri{Xet,mod){2) = TTi{Xet,mod){2) = Tri{{X et,mod)^'^) ~ 

for z > 2, which shows the first statement of the theorem. By theorem ||, for 
every finite 2-primary Gs(A:)(2)-torsion module A the inflation homomorphism 
H'^{Gs(k){2), A) — > W{Gs{k),A) is an isomorphism for all i. The same ar- 
guments as above show that the universal covering of {Xet,mod)'^'^ is weakly 
contractible. This proves the second statement. □ 



6 Closing Remarks 

1. Dualizing modules 

Unfortunately, we do not have (despite semi-tautological reformulations of the 
definition) a good description of the p-dualizing module / of the group Gs, 
where S* is a finite set of finite primes containing Sp. If fc is totally imaginary, 
then / is determined by the exact sequence 

> /ipoo ^ /ipoo — > / — > 

pes(fes) 

(see [||, (10.2.1)) and the group Gs is a duahty group at p of dimension 2 (see 
[ p^ , th.4 or (10.9.1)). The general case remains unsolved (also for odd p). 

2. Free profinite product decompositions 

In this paper we used free pro-p-product decompositions of Galois groups of 
pro-p-extensions of global fields into Galois groups of local pro-p-extensions in 
an essential way. One might ask whether, for sets of places T D S, the natural 
homomorphism 

0: * TCk,\k) ^ G{kT\ks) 
peT\S(fcs) 

is an isomorphism, where the free product on the left hand side is the free 
product of profinite groups. More precisely, one has to ask, whether there exists 
a continuous section to the natural projection T \ S{kT) — > T \ S(ks) such 
that the above map is an isomorphism (cf. the discussion in section g). We do 
not know the answers to this question in general. It is 'yes' if S contains all 
but finitely many primes of k (see below). But it seems likely that (p is never 
an isomorphism if T and S are finite. The present level of knowledge on this 
question is rather low. For example, we do not know whether there are infinitely 
many prime numbers p such that p°° divides the order of Gt- The best result 
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known in this direction is that if T contains all real places and all primes dividing 
one prime number then there exist infinitely many prime numbers I dividing 
the order of Gt (see (l4|, cor.3 or [|, (10.9.4)). 



In the case that S contains all but finitely many primes of k, we can deduce 
the above statement by applying the following slightly more general result to 
the complement of S: 

For a finite set S of primes of fc, let be the maximal extension of k in 
which all primes in S are totally decomposed. Then there exists a continuous 
section to the natural projection S{k) — > S{k^) such that the natural map 

* G(L|fc) — >G{k\k^) 
pes(kS) 

is an isomorphism. This had been proved first in the special case 5' = S'r by 
Fried-Haran-Volklcin and then by Pop for arbitrary finite S. 

3. Leopoldt's conjecture 

The Leopoldt conjecture for k and a prime number p holds if and only if the 
group 

ff2(Gs,Qp/Zp) 

is trivial for one (all) finite set(s) of primes S 3 Sp. The weak Leopoldt conjec- 
ture is true for k, p and a Zp-extension koc\k if and only if 

H\Gsikoo),Qp/^p) 

is trivial for one (all) finite set(s) of primes S ^ Sp (of k). This is well known 
for odd p and for p = 2 it can be easily deduced from the above results. 



4. Iwasawa theory 

Let fc be a number field, S" D S'2 a finite set of primes of k and koo\k the 
cyclotomic Z2 -extension of k. Let F = G{koo\k) = Z2 and let A = Z2|/^] = 
Z2[[T]] be the Iwasawa algebra. We consider the compact vl-module 

Xs = G{ks{2)\koor''. 

Then the following holds 

(i) Xs is a finitely generated yl-module. 

(ii) rank/1 Xs — r2 (the number of complex places of k) . 

(iii) Xs does not contain any nontrivial finite yl-submodule. 

(iv) the //-invariant of Xs is greater than or equal to # 5* n 5*8 (fc). 

Properties (i)-(iii) follow in a purely formal way (see (5.6.15)) from the 
facts that: (a) X2(Gs(2)) = ~r2, (b) H^Gs{koo)i2),Q2/Z2) = and (c) 
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-H'^(Gs(2), Q2/22) is 2-divisible. Assertion (iv) is trivial if S contains no real 
places and in the general case it follows from the exact sequence 
-> (yl/2)#^nS«(fe) ^ — > X5.5„ ^ 0. 

Now let fc+ be a totally real number field, k = k~^{ii4), fc+ the cyclotomic Z2- 
extension of k'^ and fcoo = fc+ (/i4) — k{fi2°°)- Let fc„ be the unique subextension 
of degree 2" in fcoo and let J be the complex conjugation. We set An — Cl(fc„)(2) 
and 

A- := {a £ A„\aJ{a) = 1}. 
Furthermore, let A^ = lim A~ , X+ — Xs2{k^), let v denote the Pontryagin 
dual and (—1) the Tate-twist by —1. Then there exists a natural homomorphism 

whose kernel and cokernel are annihilated by 2. If the Iwasawa /^-invariant of fc 
is zero (this is known if fc|Q is abelian), then is a pseudo-isomorphism, i.e. (j) 
has finite kernel and cokernel. This can be seen by a slight modification of the 
arguments given in §2: 

Let M+ be the maximal abelian 2-extension of fc+ which is unramified out- 
side S2, in particular, M+ is totally real. Kummer theory shows that, for an 
a & k^, the field fcoo( ^\/^) is contained in Af+fcoo if and only if: (a) a G fc^^p 
for all p ^ S{koo) and (b) a J (a) — (3"^ for a totally positive element P £ k^. 
Let Rn be the subgroup in k^/k^ generated by elements satisfying (a) and 
(b) and let 

071- := lim i?„ C fc^ (8) Q2/Z2. 

n 

Then we have a perfect Kummer pairing x 971^ ii2<x> . Since all primes 
dividing 2 are infinitely ramified in fcoo|fc, for a (g) 2^" € VJl~ there exists a 
unique ideal a in k^o with = (a) and the class [ a ] is contained in A^ . This 
yields a homomorphism 

■,M--^A^. 

A straightforward computation shows that im(0^) D (A^)'^ and that ker(0^) 
is the image of O^^ c in ^Tt^ (notational conventions as in §0). Thus, 

if the Iwasawa /i-invariant of fc is zero, then the cokernel of 0^ is finite and it 
remains to show the same for its kernel. Since fJ, — 0, the F2-ranks of 2Cl°(fc+) 
(the subgroup of elements annihilated by 2 in the ideal class groups in the narrow 
sense) are bounded independently of ri. Thus also the F2-ranks of the kernels 
of the signature maps 

are bounded independently of n. But the direct limit over n of these kernels is 
just the group in question. Finally, we obtain the result by taking Pontryagin 
duals. 
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